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A per tu rba t ion  theory  i s  applied to investigate the sma l l - t ime  behavior  of 
unsteady cavity flows in which the t ime-dependent  p a r t  of the flow m a y  be  
taken a s  a sma l l - t ime  expansion super imposed  on an es tab l i shed  s teady  
cavity flow of an ideal  fluid. One purpose  of th i s  pape r  i s  to study the  
effect  of the in i t ia l  cavity s i ze  on the resul t ing flow due to a given d i s -  
tu rbance .  Var ious  exis t ing s teady cavity-flow mode ls  have been employed 
f o r  th is  purpose  to evaluate the ini t ial  react ion of a cavi ta ted  body i n  an  
unsteady mot ion.  F u r t h e r m o r e ,  a physical  mode l  i s  proposed h e r e  to 
give a p r o p e r  represen ta t ion  of the mechan i sm  by which the cavity volume 
m a y  be changed with t i m e ;  the in i t ia l  hydrodynamic fo r ce  resul t ing f r o m  
such  change i s  ca lcula ted based  on th is  model .  
1 .  Introduction 
I t  h a s  been  noted that  the f r e e  su r f ace  flow p rob l ems  become v e r y  
difficult to  t r e a t  exactly when the flow i s  t ime-dependent .  Some of the  
pr incipal  diff icult ies involved in  th i s  c l a s s  of p rob l ems  can be  env isaged  
a s  fol lows,  F i r s t  of a l l ,  the p rob l em i s  genera l ly  nonl inear  because  the 
boundary conditions on the unsteady f r e e  su r f ace  a r e  nonl inear  and b e -  
cause  the location of the f r e e  boundary i s  not known 2 p r i o r i .  Secondly,  
unlike the c a s e  of s t eady  flows with f r e e  boundary,  the su r f ace  of constant  
p r e s s u r e  i s  no longer  a su r f ace  of constant  speed .  Consequently,  the  
powerful  hodograph method widely u sed  in  the s teady f r e e  boundary 
p r ob l ems  l o se s  much  of i t s  potential and use fu lness  f o r  poss ible  
appl ica t ions  in this  c a s e .  P robab ly  fo r  th is  r e a son ,  only a re la t ively  sma l l  
numbe r  of unsteady f r e e  su r f ace  p rob lems  (of r a t h e r  spec ia l  c a s e s )  have 
been  t r e a t ed .  Some comprehensive  survey  and review of the recen t  
l i t e r a t u r e s  a r e  available e l s ewhe re  ( s e e  ~ i l b a r g [  I ] ,  Birkoff and 
~ a r a n t o n e l l o  [ 21 and[ 31 ) ,  and hence will not be  rec i t ed  h e r e .  
It i s  worth  noting that  t h e r e  i s  a n  essen t ia l  d i f ference between the 
unsteady flows with and without a f r e e  su r f ace .  In the de te rmina t ion  of 
the veloci ty  f ie ld  of an  unsteady flow without a f r e e  su r face  (which includes  
the v o r t e x  shee t  shed f r o m  a n  osci l la t ing wing),  the t ime  appea r s  only a s  
a p a r a m e t e r .  The k inemat ics  of the unsteady mot ion wil i  t he r e fo r e  not 
d i f fer  bas ica l ly  f r o m  i t s  corresponding s teady flow. On the o the r  hand,  
f o r  a n  unsteady flow with a f r e e  su r f ace ,  the t ime  var ia t ion  affects  the 
flow explici t ly through the boundary conditions on  the f r e e  su r f ace .  T h e r e -  
f o r e ,  the flow will  depend on a l l  i t s  previous  t ime  h i s t o r y ,  which fu r t he r  
compl ica tes  the deta i led  ana lys i s  and calculat ion.  However ,  when a n  
e s t ab l i shed  s teady cavitat ing flow ( r ega rded  a s  the ba s i c  flow) i s  given a 
sudden acce l e r a t i on ,  the p rob l em of the sma l l - t ime  behavior  of the  flow 
i s  re la t ive ly  s imple  because  t h e r e  will be only a s h o r t  h i s t o ry  of any t ime -  
va ry ing  d i s tu rbance  to be  cons idered  i n  th is  pe r iod .  It i s  t he r e fo r e  c l e a r  
that  s o m e  difficult p rob l ems  in  unsteady cavity flows can be  b e s t  handled 
i n  the  sma l l - t ime  l im i t  s i nce ,  fo r  one r ea son ,  the ana lys i s  i s  re la t ively  
s t r a i gh t fo rwa rd .  We hope that  such an  investigation m a y  c a s t  light on 
s o m e  of the b a s i c  f e a tu r e s  of the unsteady cavity flow, espec ia l ly  the be -  
hav ior  of the l a r g e  f requency l imi t  in the case  of osci l la t ing cavity f lows.  
The impac t  p rob l em of the Kirchhoff-Helmholtz flow with a fl.at 
plate n o r m a l  to the s t r e a m  h a s  been t r e a t ed  by @urevich[4] .  At tempt  i s  
m a d e  h e r e  to genera l i ze  the considera t ion to include the effects  of ( I )  the 
cavi ta t ion number  ( the  cavity s i z e  being f in i te) ,  ( 2 )  the angle of a t t ack ,  
and (3 )  the t ime  var ia t ion  of the net  cavity volume.  
The exis t ing ma thema t i ca l  t heo r i e s  f o r  s teady cavity flows a r e  
s e e n  to be  ba sed  on  some  proposed  physical  mode l s .  It i s  wel l  known that  
i n  a posi t ive  range  of the cavitat ion number  up  to mode ra t e  va lues  of o r d e r  
unity the ag r eemen t  between the exist ing mode ls  fo r  s teady flows m a y  be  
cons idered  v e r y  c l o s e [ 5 ] .  No compar i son ,  however ,  h a s  e v e r  been  made  
(to the a u t h o r s '  knowledge) between these  exist ing mode ls  f o r  the c a s e  of 
unsteady cavity f lows.  In th is  p a p e r ,  the r e - en t r an t  jet  mode l ,  
Riabouchinsky 's  mode l ,  and a modified wake mode l  a r e  applied to in -  
ves t iga te  the sma l l - t ime  behavior  of the unsteady cavity flow, including 
the e f f ec t s  of the cavitat ion number  and the incidence angle of the f low. 
The p rob l em r e l a t ed  to the possibil i ty f o r  the volume of a f in i te  o r  
infinite cavity to v a r y  with t ime  d e s e r v e s  a pa r t i cu l a r  note.  F o r  cavity 
flows of an  incompress ib le  liquid surrounding a vapor  cavity,  i t  i s  
obvious tha t ,  when the cavity volume changes ,  the conservat ion of m a s s  
and conservat ion of volume of the en t i re  flow becomes  incompat ible  be -  
cause  of the d i f fe rence  in  the dens i t i e s  of these  two phase s .  Consequently,  
any var ia t ion  of the cavity volume m u s t  come f r o m  a s o u r c e  d i s t r ibu t ion  
i n  the flow with i t s  net  s t reng th  depending on the t i m e - r a t e  of change of 
the cavity volume.  I t  h a s  been  proposed by one of the a u t h o r s [ 6 b h a t  a s  a 
physical  mode l ,  the change in  the cavity volume can be  affected by a 
s o u r c e  o r  s ink  located a t  the point of infinity. A d i r ec t  consequence of 
th i s  sou rce  with a t ime-vary ing  s t reng th  i n  a two-dimensional  flow of 
infinite extent  i s  that  i t  genera tes  a p r e s s u r e  f ie ld  which is logar i thmica l -  
ly  s ingu la r  a t  infini te d i s tances .  To c r ea t e  such  a flow i t  r e q u i r e s  a n  
infinite amount  of energy .  P robab ly  fo r  th is  r e a son  the  t r e a tmen t  of the  
unsteady pa r t i a l  cavity flow by ~ i m m a n [ 7 ] ,  the work  of ~ e u r s t [ 8 ] ,  of 
p a r k i n [  91, and of WU[ 61, have been c a r r i e d  out under  the assumpt ion  of 
f ixed cavity volume and no sou rce  a t  infinity. In r e a l i t y ,  however ,  the  
flow i s  usual ly  finite in  extent  and never  two-dimensional  i n  the l a r g e ;  the 
p r e s s u r e  s ingular i ty  a t  infini ty,  being outside the flow reg ion ,  m a y  t h e r e -  
f o r e  be r ega rded  a s  a simplifying idealizat ion,  much  the s a m e  a s  the 
represen ta t ion  of a solid body by a distr ibution of s ingu la r i t i e s ,  Th is  
physical  mode l  f o r  pe rmi t t ing  the cavity volume to change h a s  been  
applied to va r ious  c a s e s  together  with o ther  cavity flow mode ls .  I t  i s  
expected that  th is  va r iab le  - cavity-volume mode l  wil l  give a good r e p r e s e n t a -  
t ion of the flow field n e a r  the body-cavity s y s t e m .  The validi ty of th i s  
model  of cou r se  wil l  have to be ver i f i ed ,  d i rec t ly  o r  ind i rec t ly ,  by fu tu re  
exper imenta l  observa t ions .  
2. G e n e r a l  Formula t ion  
To fix idea  , we suppose  that  fo r  the t ime  t  < 0, a s teady plane 
flow of an  i ncompres s ib l e ,  inv i sc i s  fluid pa s t  a solid body with a cavity 
f o r ma t ion  h a s  been es tab l i shed ,  the solution of which i s  a s s u m e d  to be 
given,  o r  can be de te rmined  with the a id  of some  cavity flow mode l s .  
Suppose now the solid body to which the cavity i s  a t tached i s  given fo r  
t  > 0 a sudden acce l e r a t ed  mo t ion ;  the p rob lem is to  evaluate the s m a l l -  
t i m e  behavior  of the r e su l t an t  unsteady cavity flow. 
In gene ra l ,  the mot ion of the r ig id  boundary m a y  cons i s t  of a 
t r an s l a t i on  and a ro ta t ion.  L e t  (xo,  yo)  be a point on the r ig id  s u r f a c e  
So(xo,  yo)  = 0 in the ba s i c  s t eady  flow, and l e t  i t  be  d isplaced in t ime  t  
to the  posit ion ( x ,  y )  with t r ans la t iona l  velocity (V ( t ) ,  V ( t )  ) and 
1 2 
angula r  veloci ty  o ( t ) .  In t e r m s  of the complex var iab le  z = x + iy  and 
V( t )  = V + i V , the  motion of z m a y  be wr i t t en  
1 2 
We sha l l  a s s u m e  that  , f o r  s m a l l  posit ive t ,  V and o m a y  be  expanded 
i n  power  s e r i e s  of t ,  s t a r t i ng  with the l i nea r  t e r m  so  that  
whe re  c = a + i b  , an ,  bn and w being r e a l  cons tan t s .  I t  then 
n n n n 
follows that  f o r  s m a l l  t ,  
'The d i sp laced  su r f ace  will be denoted by S(x ,  y ,  t )  = 0, In f a c t ,  we have 
regard ing  ( 1 )  a s  to provide  the canonical t r an s fo rma t ion  x o = xo(x ,  y , t ) ,  
yo=  y o ( x 7 y , t ) .  
F r o m  the na tu re  of the body motion i t  a lso  follows that  the com-  
plex velocity potential of the flow 
will  a s s u m e  f o r  s m a l l  t  the expansion 
f ( z , t )  = f o ( z )  + t f  ( z )  + ; t 2 f  ( 2 )  + - * * *  , 
1 2 
w h e r e  fn (z )  = cpn(x9y) + i J ln(x ,y) ,  n = 0 , 1 , 2 ,  ' ' - , and f ( z )  i s  the  
0 
complex velocity potential  of the ba s i c  flow. The function cp (x ,  y )  m a y  
1 
b e  ca l l ed  the in i t ia l  acce le ra t ion  potential .  While % = const .  g ives  the 
s t r e a m l i n e s  of the ba s i c  flow, the harmonic  functions $ f o r  n >1 ,  
n 
being the complex conjugate of cp , a r e  in t roduced sole ly  to m a k e  fn(z)  
n 
analytic functions of z .  The velocity components a r e ,  a s  usua l  
We shal l  in t roduce the complex velocity w = u - i v ,  and w = d f n / d x 9  n 
then f r o m  (6)  
S imi la r ly  the p r e s s u r e  p(x ,  y ,  t )  m a y  be  a s sumed  to p o s s e s s  the  
expansion 
whe re  p denotes  the p r e s s u r e  f ie ld  of the ba s i c  flow, 
0 1 
the impuls ive  
p r e s s u r e  due to the sudden acce le ra t ion .  Then f r o m  the Bernoul l i  equat ion,  
(9) 
w h e r e  p and U a r e  the p r e s s u r e  and speed of the bas ic  flow a t  infini ty,  
00 
we ob ta in ,  by equating the coefficients of s a m e  powers  of t ,  the following 
re la t ions :  
P I P = - q  3 
1 1 
p z / p  = - ' P ~  - ( P p o ) -  (Dun ) , and so  on.  
P 
The boundary conditions of the p rob l em a r e  a s  follows: 
(i) At the sol id  s u r f a c e ,  the no rma l  component of the flow velocity 
r e l a t i ve  to  the moving boundary mus t  vanish .  An a l ternat ive  way of 
s t a t ing  th i s  condition i s  that  the fluid pa r t i c l e s  or ig inal ly  on S ( x , y ,  t )  = 0 ,  
a t  s m a l l  t i m e  in te rva l  a p a r t ,  wil l  r ema in  on i t .  That  i s  
which b e c o m e s ,  upon using (4) ,  
(11) 
on S ( x ,  y ,  t )  = 0 .  H e r e  the functions xo(x,  y ,  t )  and yo(x,  y ,  t )  can be  
wr i t t en  down immedia te ly  f r o m  ( 3 )  by interchanging z and z and by 
0 ' 
changing the s igns  of a b and a , a s  can readi ly  be  s e e n  f r o m  ( 3 ) .  
n '  n n 
Equat ion (11) i s  in  a f o r m  convenient fo r  manipulat ion s ince  aSo/axo and 
aso/ ay0 a l ready  cor respond  to  the components of the n o r m a l  to  the ini t ial  
su r f ace  S (x  , y o )  = 0.  Substi tut ing ( 3 )  and (6)  in  (1  11, expanding the 0 0 
va r i ous  quanti t ies about (x  y ) and t = 0 ,  and equating the coefficients 
o 9  0 
of d i f fe ren t  powers  of t ,  we obtain the conditions that  on S ( x  , y ) = 0 ,  
0 0 0  
a(/J j ano = n (a-w y ) + n ( b  + o xo)  , 
0 1 1 0  0 1 1  
1 2 
+ 
where  n = (no , n ) i s  the unit outward no rma l  to the su r f ace  
0 0 
( i i )  T h e r e  a r e  two boundary conditions a t  the f r e e  su r f ace  of t he  
cavity.  Suppose the f r e e  su r f ace  may  be e x p r e s s e d  a s  
then the k inemat ic  condition that  the fluid pa r t i c l e s  on the f r e e  su r f ace  
wil l  r e m a i n  on i t  r equ i r e s  
We a s s u m e  that  fo r  s m a l l  t ,  h ( x , t )  may be  expanded a s  
1 
h ( x , t )  = ho(x) t t  h (x)  t t 2  h (x) t 0 ( t 3 )  1 2 (14)  
whe re  y = h (x )  denotes the cavity boundary of the ba s i c  flow on which 
0 
Substi tut ing (7)  and (1 4) i n  (1  3 ) ,  and expanding u and v  on y=h (x ,  t )  
n n 
about y = h (x )  and t = 0 ,  we obtain 
0 
h = V  ( x , ho )  - u ( x , h  ) d h  / d x  = O  , 
1 0  0 0 0 
h = v ( x , h  ) - u (x ,  h o ) d h  / d x  . 
2 1 0 1 0 
Since h 5 0,  the f r e e  su r f ace  will not be displaced in  the t i m e  of o r d e r  
I 
t ,  a s  should be expected.  
In the ba s i c  f low, the cavity boundary i s  a su r f ace  of constant  
p r e s s u r e ,  and hence a l so  one of constant  veloci ty ,  say  
- P, - P, p I = q c  1 on y = ho(x) , (17)  
s o  tha t  by the Bernoul l i  equation ( l o ) ,  
whe re  o i s  the cavitat ion number  of the ba s i c  flow, defined a s  
We s h a l l  a s s u m e  that  the p r e s s u r e  in the cavity of the unsteady flow will  
be main ta ined  a t  the s a m e  constant  value p that  i s ,  
c ' 
By expanding the left  s ide  of th i s  dynamic condition about y = h (x )  and 
0 
t = 0 ,  us ing ( 8 ) ,  (1  4) and (1  6 ) ,  the following conditions r e s u l t  
Hence f r o m  ( l o ) ,  
= 0 on y = h (x)  , 0 (21a)  
o 2 = - ( V u n o ) * ( O ~ )  0" y = h ( x )  
1 0 
Upon di f ferent ia t ing ( 2 l a )  along y = h (x )  and us ing (1 5 ) ,  i t  i s  readi ly  
0 
s een  tha t  ( v  %) a (P tp ) = 0,  and hence 
1 
= O on y = h (x) (21b) 
un z. 0 
F r o m  ( 2 l a )  and (Z lb)  i t  t h e r e fo r e  follows that  
which a s s e r t s  that  the pe r tu rba t ion  velocity i s  n o r m a l  to the o r ig ina l  cavity 
boundary up to  the t ime  of o r d e r  t2 .  
( i i i )  At the point of infini ty we r equ i r e  the per tu rba t ion  veloci ty  to 
~ a n i  s h ,  
/ V ~ n / - +  0 a s  j z  1 -  m ,  f o r  n = 1 ,  2, . - .  . (23)  
I f ,  in  addition to the sudden acce le ra t ion  of the sol id  body and the  a s s u m p -  
t ion of the constancy of the  cavity p r e s s u r e ,  a  c e r t a i n  amount of fluid i s  
1 
removed  a t  infinity with a sou rce  s t reng th  Q t  + Q t 2  + . - . s o  tha t  the 
1 2 
cavity volume may  be  changed a r b i t r a r i l y ,  then ,  a s i de  f r o m  condition (23) ,  
we m u s t  impose  addit ional  conditions a t  infinity a s  
whe re  I? i s  a  contour around the point of infinity. However ,  we impose  
no boundedness condition on p a t  infinity s i nce ,  i f  such Qn can be  
a r b i t r a r i l y  chosen,  p (n  >, 1 )  will be logar i thmical ly  s ingu la r  a t  infini ty.  
n 
It wil l  b e  s e e n  l a t e r  tha t ,  when the cavity i s  taken to be  infinitely long 
(Helmholtz f low, corresponding to the cavitat ion number  a = O ) ,  the 
solution ex i s t s  only when Q = 0 .  Consequently the effect  of change i n  
n 
cavlty volume can be  sought only in  the ca se  of finite cav i t i e s .  Howeve r ,  
the l imi t  of the hydrodynamic fo r ce s  in  such c a s e s  a s  the cavity b e c o m e s  
infinitely long,  with Qn held  f ixed ,  i s  s e e n  to ex i s t .  
On the o ther  hand,  f r o m  Kelvin ' s  t h e o r e m  on the conservat ion of 
c i rcula t ion,  the c i rcula t ion around the point of infinity cannot be  changed 
i n  the  unsteady motion fo r  t  < m. By combining th i s  condition with ( 2 4 ) ,  
w e  m a y  wr i t e  
'I'his completes  ou r  forllnulation of the sma l l - t ime  per tu rba t ion  theory .  
3 .  Solution of the P e r t u r b e d  Flow,  
F o r  the moment  we a s s u m e  that the solution of the ba s i c  s teady 
flow i s  given.  We note that  i n  the ba s i c  flow the en t i r e  boundary of  the 
body- cavity s y s t e m  belongs to a s t r e a m l i n e ,  the f o r m  of which i s  known. 
T h e r e f o r e ,  by the gene ra l  theory  of conformal  mapping,  i t  i s  a lways  
poss ib le  to  find a n  analytic function 
such  that  the en t i r e  flow region in  the z-plane i s  mapped by (26) into the 
uppe r  half &-plane with the en t i r e  boundary of the body-cavity s y s t e m  
mapped  onto the  en t i r e  6 -ax i s .  F o r  s impl ic i ty ,  we shal l  make  the p a r t  
16 1 < 1 of the  r e a l  5-axis cor respond  to  the  wet ted  solid su r f ace  and the 
p a r t  ] 6 1 > 1 to the cavity boundary.  
After  the t r an s fo rma t ion  to the 5 -plane the boundary value p rob l em 
formula ted  in  the l a s t  sect ion can be s ta ted  a s  a Hi lber t  p rob l em,  a s  wil l  
be shown below, the solution of which i s  readi ly  a t ta ined.  I t  i s  noted f r o m  
the  l a s t  sec t ion  that  the p rob l ems  of different  o r d e r s  in  the per tu rba t ion  
a r e  e x p r e s s e d  i n  a s i m i l a r  f o r m .  That  i s ,  the n o r m a l  veloci t ies  avDn/ano 
a r e  g iven a t  the in i t ia l  sol id  su r f ace  and the potent ia ls  a r e  p r e s c r i b e d  
n 
a t  the  unper tu rbed  cavity boundary.  I t  i s  t he r e fo r e  sufficient to  t r e a t  one 
a s  the typical  c a s e .  To save  wri t ing we shal l  denote f = cp t i \C1 by 
n n n 
F = @  t i Q .  
I t  i s  convenient to in t roduce the analytic function 
which i s  defined fo r  I m  5 > 0. Then on the solid s u r f a c e ,  q = Ot, 15 / < 1 ,  
which i s  known, by (1  2) and (26) .  F u r t h e r m o r e ,  on the cavity boundary,  
q = o + ,  151 > 1 ,  
which i s  a l s o  known, by (21).  In pa r t i cu l a r ,  g2 = 0 f o r  V and V . 
1 2 
F inal ly ,  (25) becomes  
whe re  I-' i s  the image  of F in  the &plane ,  the subsc r i p t  n of a i s  
dropped to show a typical  c a se .  
It i s  poss ib le  to t r a n s f o r m  the above boundary value p r o b l e m s  of 
a rnixed type into a Hi lber t  p r o b l e m  by extending the unknown function 
G(5) to a sect ional ly  analytic function, defined on the whole &-plane 
(excluding the r e a l  &-axis  if n e c e s s a r y ) .  Since q and higher  t e r m s  wil l  
3 
not be  t r e a t e d  explici t ly h e r e ,  we shal l  demons t r a t e  the method by taking g 2 
of (29) to be  ze ro ;  the gene ra l  case  of g # 0 can be c a r r i e d  out 2 
s i m i l a r l y .  F i r s t ,  the function G(&) m a y  be continued into the l ower  
half &-plane by 
F o r  the ca se  g = 0 ,  ~(5) is the analyt ica l  continuation of G(5)  through 
2 
the in te rva l  1 5 1 > 1 .  In the following, G+(s) wil l  be u sed  to denote the 
l imi t ing value  of G(5) a s  q - - + 0. F r o m  (28) ,  (29) and (31) i t  t h en  
follows that  
t t G t G L = 2 i I m G  = 2 i g ( c )  f o r  I c I < 1  , 
1 
G' - G -  = 2 RB G' = o f o r  I . (32)  
The above Hi lber t  p r o b l e m  i s  well-known [ 101, i t s  gene ra l  solution can 
be  wr i t t en  
1 
-
where  the function ( c 2  - 1 ) i s  defined on the en t i re  5-plane with the 
- 
branch  so chosen that  ( c 2  - 1) '  -* 5 a s  15 I---+- oc, and P(5)  i s  an  
a r b i t r a r y  Lau ren t ' s  s e r i e s  with r ea l  coefficients. The l a s t  t e r m  in  (33) i s  
the gene ra l  solution to the homogeneous problem (with g = 0 a l so ) .  The 
1 
r e a l  coefficients of P ( 5 ) ,  and hence G(5 ) ,  can be de te rmined  uniquely, 
when (30) i s  sa t i s f i ed  and the condition that  the p r e s s u r e  i s  in tegrable  
ove r  the r ig id  boundary i s  observed .  
In the following the above per turbat ion theory will be c a r r i e d  out 
for  s e v e r a l  ba s i c  s teady cavity flows. 
4. Inclined Lamina in  Kirchhoff Flow 
As a s imple  example  we consider  the bas ic  flow to be that  pas t  a 
flat p la te  held  a t  an  angle cr, with a cavity format ion of infinite length. 
The solution of th is  p rob l em i s  known [ 11 1 ,  which we s imply  c i te  below 
for  t he  subsequent u s e .  The coordinate s y s t e m  in  the z-plane and i t s  
conformal  mapping planes  a r e  shown in  f igure  1 .  F o r  s impl ic i ty  the 
f r e e  s t r e a m  velocity U and the plate length 8 ,  a r e  normal ized  to unity. 
The solution w = w ( z  ) can be wr i t t en  pa rame t r i ca l l y  a s  
0 0 0 
- -  
-I/ 1 - 5  + 2 Cot3 a tan 
2 s i n  a ( 6  t s e c  cr) (1;- tan  ;) - ( l t s e c  a) ( 5  + s e c  a) 
w h e r e  ( 34b) 
The en t i r e  flow region i s  mapped by (34) into the upper  half 2;-plane with the 
corresponding boundary a s  p r e sc r ibed  in  the l a s t  sect ion 
( i . e .  on r) = 0 ,  / 6 1 < 1 cor responds  to the plate and 1 > 1  to the 
cavity s u r f a c e ) .  The coefficient of the no rma l  fo rce  N of the b a s i c  0 
flow i s  
( a )  The f i r s t  o r d e r  solution 
+ 
The unit no rma l  to the pla te  i s  now n = ( 0 -1 ) .  We suppose  the 
0 
rota t ional  motion i s  r e f e r r e d  to the leading edge of the pla te .  Then the  
boundary conditions (1  2b) , ( 21 a )  and (23) be  come 
'5 = 0 and hence aq / 8 5 = 0 on q = O  , 1 5 1 > 1 . ( 3 6 b )  a 
I vvl I-+ o a s  4 -  - s e c a  . ( 3 6 ~ )  
I t  i s  noted that  a , the f i r s t  t e r m  of the x-component of a cce l e r a t i on ,  
1 
d r o ps  out f r o m  (36a),imp1ying that  the acce le ra t ion  of the plate p a r a l l e l  to 
i t se l f  h a s  no e f f ec t  on the flow up  to t ime  of o r d e r  t .  F u r t h e r m o r e , ( 2 5 )  
cannot b e  sa t i s f i ed  un l e s s  a l l  the  Q = 0. This  can be  s e e n  a s  fol lows.  
n 
If Qn f 0, then (25) impl ies  that  w = Q /2nz + o (  lz I- ' ) ,  and hence  
n n 
'n 
- ( Q  2 1 1 z 1 ,  a s  I z  I -- a . It follows that  p will  be  logar i th -  
n 
mica l ly  s ingu la r  a t  z = o c ,  which contradic ts  the  conditions of p such 
n '  
a s  (20) ,  on the undis turbed f r e e  boundary y = h (x) which extends to in-  
0 
finity. This  indicates  that  the Kirchhoff-Helmholtz model  with a n  infini te 
cavity i s  not a r e a l i s t i c  mode l  f o r  the considera t ion of change of cavity 
volume.  The p rob l em when Q f 0 will be cons idered  l a t e r  when o the r  
n 
f ini te-cavity mode ls  a r e  adopted. 
By making u s e  of (36a) ,  (36b) and (34b),  (28) and (29) become 
I ~ G  = = ~ ( b t w x  ) ( J ~ t l ) ( ~ t s e ~ a ) - ~  , 1 5  I <  I 
1 1 0  
where  X o ( ~ )  i s  given by ( 34b) ,  and K i s  given by ( 3 4 ~ ) .  F ina l ly ,  by 
( 33 ) ,  we obtain 
-- 
d f K 
1 (b  + u  x ) ( l - ~ ~ + f i - ~ ~  ) 
1 1 0  
3? = 1 3 Gn(&+sec cu) 
Tr(1 ( E - < ) ( E t  set a )  n = -  oc 
w h e r e  Gn a r e  r e a l  coe f f i c i en t s .  The Lauren tz  s e r i e s  in  the l a s t  t e r m  i s  
expanded about < = - s e c  @ ( o r  z = m )  f o r  the convenience of applicat ion 
of the  boundary condit ions a t  z  = The f i r s t  t e r m  in  (37) behaves l ike 
< - 2  as 161 - co and i s  r e g u l a r  everywhere  except  a t  6 = + 1.  Now 
- 
by us ing  (34b) ,  
df d &  (5+ s e c  a) 3 df 
W I = &  = - 
K( j-1-12 t l )  $ - .  
F r o m  (37)  and (38)  we read i ly  s e e  that G = 0 except f o r  n = - 1 ,  - 2  n 
i n o r d e r  that  w - 0 a s  2 - o o  ( o r  5- - seccu) and w i s  
1 1 
r egu l a r  a s  5 --. oc. F u r t h e r m o r e ,  with Qn = 0 ,  a s  explained above ,  
(30) r e q u i r e s  that  
F r o m  ( 34b), we f ind that  a s  12 / ++ m , 
K 1 t i t a n @  
Z - Z ( 6  + s e c  a) 2 
Making u s e  of  th is  r e s u l t ,  we readily deduce f r o m  (37) and (38) that  (39)  
i s  s a t i s f i e d i f ,  a n d o n l y i f ,  C - l = c  = O  a l so .  T h e r e f o r e a l l t h e  co- 
- 2 
ef f i c ien t s  c vanish,  the reby  the f i r s t  o r d e r  solution given by (37) and 
n 
( 38) i s  uniquely de te rmined .  
It m a y  be noted that  w h a s  a s ingular i ty  a t  the edges  of the 
1 
p l a t e ,  physical ly  c o r r e  spending to a na r row  s p r a y  sheet .  F o r ,  with 
& = t (1 t ) 1 c I < < 1 ,  we deduce f r o m  (37) and (38) that  a s  & --+ t 1 ,  
- 
- 
-k i  ( -  l t s e ~ a ) ~  1 + 3 (b +a  x O ) ( l t J  1 -6  ) v 1 
w - -  
a TT - I 3 d$ [ 1 + 0 ( l 6  I'IJ 
(W2 ( 5  + s e c  a) 
F r o m  the behavior  of w on the f r e e  su r f ace  ( E  posit ive sma l l )  i t  m a y  
1 
be s een  that the f r e e  su r f ace  s t a r t s  to move into the cavity when the 
pla te  a c c e l e r a t e s  into the fluid ( e .  g. , with b < 0 ,  w = O ) ,  and v ice  
1 1 
v e r s a .  F u r t h e r m o r e ,  i t  i s  noted that  w i s  of o r d e r  Iz / -3/2 f o r  l a r g e  
1 
values  of / z 1. The net  effect  can be s een  to be such that  t he r e  wil l  be  no 
net  change i n  the cavity volume.  
Since the s p r a y  shee t s  do not produce any s ingu la r  f o r ce  (unlike the 
leading edge suct ion on a thin a i r fo i l ) ,  the n o r m a l  f o r ce  act ing on the 
pla te  can be  obtained by in tegrat ing the p r e s s u r e  along the plate s o  tha t  
fo r  s m a l l  t ,  in  view of ( 3 ) ,  
The f i r s t  t e r m  N i s  given by (35) .  Now, f r o m  (1 0) 
0 
By substi tut ing the r e a l  p a r t  of (37) f o r  i3q in  the above i n t eg ra l ,  the 
1 
no r ma l  f o r ce  coefficient may  be  exp re s sed  a s  
whe re  
the above in tegra l s  being in te rpre ted  by the i r  Cauchy pr incipal  va lues .  
In (41a ) ,  b and w a r e  exp re s sed  in  the physical  un i t s ,  and the plate 
1 1 
length Q and f r e e  s t r e a m  velocity U a r e  r e s t o r e d  fo r  completeness .  
The in tegra l s  in  (41b)  and (41c)  cannot be exp re s sed  in  t e r m s  of e lementa ry  
functions of  a;  they a r e  in tegrated numerical ly  and the r e su l t s  a r e  
plotted v e r s u s  a in  f i gu re  5 .  In pa r t i cu l a r ,  we have 
which i s  the spec ia l  c a s e  t r ea t ed  by Gurevich [4].  The quantity CN 
1 
r e p r e s e n t s  the jump in  the no rma l  fo r ce  coefficient due to the a c c e l e r a -  
t ion.  
(b)  The second o r d e r  solution for  a = 11-12, w = b = w = 0 . 
1 2 2 
To faci l i ta te  investigation of the behavior of the second o r d e r  
solut ion,  l e t  u s  choose the specia l  case :  cu = T/ 2 (the flat p la te  being held  
n o r m a l  to the s t r e a m )  and w , b , w all vanish.  Then the boundary con- 
1 2 2  
di t ions (1  2c) ,  (21 ) ,  and (23) become 
Since the component a of the accelera t ion pa ra l l e l  to the plate does not 
1 
appea r  in  the above condit ions,  the flow will not be affected by i t  up to the 
second o r d e r  t e r m s .  Now, in  the l imi t  a s  a - ~ r /  2, the ze ro th  o r d e r  
solution be comes  
1 
z 0 = [ 2(1-5) - 6  ( l - ~ ~ ) ~  + cos- l  Gy"(4 + Tr) (44) 
and w i s  s t i l l  given by ( 34a). Consequently, f r o m  (28) and ( 2 9 )  
0 
RBG = O  
Hence ,  by ( 3 3 ) ,  
i n  which the complementa ry  solution i s  z e r o ,  a s  can be shown by the  
s a m e  a rgumen t  given p rev ious ly  fo r  9 .  Car ry ing  out the in tegra t ion ,  we 
1 
find 
df b 1 1 
- 1 
- - ( 1 - 5 2 ) - z  ( 25 t log 5 - I  - i v ( 1 - 5 2 ) z } ,  
v&" Yt-m 
It  i s  readi ly  ve r i f i ed  that  w a l s o  behaves l ike z-3h fo r  l a r g e  / z  1 
2 
The second o r d e r  n o r m a l  f o r c e ,  by ( 4 Q a )  and (1 O ) ,  can  be  obtained 
f r o m  
After  substi tut ing the va r i ous  t e r m s  and evaluating the resul t ing i n t eg ra l ,  
we find the s imple  r e su l t :  
F o r  th i s  spec ia l  c a se  we t he r e fo r e  have the n o r m a l  f o r ce  coefficient 
= 0.8798 + 0.8448 (Bb / u 2  ) + 0 ( u ~ / B ) ~  . (48) 1 
Thus  f o r  constant  a cce l e r a t i on ,  CN h a s ,  a s i de  f r o m  the s tepwise  change,  
the  following behavior 
dtIt =o+ = 0  . 
However ,  N m a y  not vanish  when b , w , and o a r e  d i f ferent  f r o m  
2 2 1 2 
z e r o .  
The quantity m = N / b  may  be cal led  the ini t ial  induced m a s s  
1 1 1  
of  th i s  cavity f low, then by (48) 
If the f la t  p la te  had undergone a n  acce le ra t ion  b n o r m a l  to the flow 
1 
without wake fo rmat ion  ( a  postulated Dir ichle t  f low),  then the induced 
m a s s  would be 
Thus  
m / m  = 0.5377 . 
1 0  
(5  0b) 
Th i s  ra t io  i s  l e s s  than uni ty ,  a s  should be expected,  s ince  the cavitated 
s i de  of the p l a t e ,  being exposed to constant  p r e s s u r e ,  h a s  no capaci ty  of 
impa r t i ng  kinetic energy  to the ex t e r i o r  flow. 
5. Re-en t ran t  J e t  Model 
We p roceed  to cons ider  the e f fec t  of the cavitat ion number  CJ 
(defined by(18))on the unsteady flow when the cavity of the  ba s i c  flow i s  
f ini te in  s i z e .  An addit ional  degreee  of f r e e d o m  achieved in  th is  group of 
flow p r o b l e m s  i s  that  the cavity volume can now be changed a r b i t r a r y  by 
p r e s c r i b i n g  a flow s o u r c e  a t  infinity. In o r d e r  that  the ba s i c  s teady flow 
i s  t r ac tab le  to  ana ly s i s ,  r e s o r t  m a y  be made  to va r i ous  cavity-flow mode ls  
known in  l i t e r a t u r e ,  such  a s  the Riabouchinsky mode l  [12],  the r e - e n t r a n t  
jet  model  [ 1 1 ,  the wake mode l  proposed independently by Joukowsky [ 1 31, 
Roshko [ 141 and Epple r  [ 151, and the modified wake model in t roduced by 
WU [ 161. In each of t he se  flow mode ls  a n  a r t i f i ce  of some s o r t  i s  i n t ro -  
duced to admit  u a s  a f r e e  p a r a m e t e r ,  and to rep lace  the actual  wake 
flow of a r e a l  f luid by a s impl i f ied  model  within the f ramework  of a n  
equivalent  potential  f low. I t  h a s  been found that  in  a posit ive range  of o 
up  to mode ra t e  values  of o r d e r  unity, the ag r eemen t  between t he se  mode l s  
m a y  be cons idered  v e r y  c lose  ( s e e  Wu [ 5 ] ) .  F u r t h e r m o r e ,  the val id i ty  
of t he se  mode ls  in  predic t ing the hydrodynamic fo r ce s  act ing on the  body 
h a s  been  suppor ted by exper imenta l  observa t ions .  The purpose  of the  
following s e v e r a l  sec t ions  i s  to make  a compa r i son  between the resu l t an t  
unsteady flows when di f ferent  mode ls  a r e  u s e d  fo r  the ba s i c  cavity f low, 
f o r  such a t a sk  should be of fundamental  value  in  the  study of unsteady 
cavity f lows.  
F o r  s impl ic i ty  the ba s i c  flow i s  taken to  be that  pas t  a  f la t  p la te  
held  n o r m a l  to  the s t r e a m  of unper turbed velocity U and p r e s s u r e  p 
C C '  
fo rming  a f ini te cavity with a p r e s c r i b e d  cavity p r e s s u r e  p (< p ) .  
C CC 
According to the  r e  - en t r an t  jet  mode l ,  the f r e e  s t r e a m l i n e s  eventually 
r e v e r s e  t he i r  d i rec t ion  a t  the r e a r  p a r t  of the  cavity,  fo rming  a r e -  
en t ran t  jet  which d i s appea r s  on another  "Riemann Shee t t t  ( s e e  f igure  2). 
Due to  the a s s u m e d  s y m m e t r y  of the flow, i t  suff ices  to  cons ider  only 
the  flow in the  lef t  half physical  z-plane.  To save  wr i t ing ,  both the  half 
plate length ,  P / 2, and the constant  speed q ( s e e  (18) ) on the cavity 
C 
s u r f a c e  wil l  be  normal ized  to unity. 
I t  i s  convenient to in t roduce the var iab le  
whe re  f i s  the complex potential  of the ba s i c  flow, 
qo 
i s  the flow 
0 
speed ,  and 0 the flow inclination with r e spec t  to the x - ax i s .  The p a r t  of 
the flow under  considera t ion in  the  z ,  f and G-planes i s  shownin  f igure  2. 
o ' 
By applying the Schwarz-Ghris toffe l  t r ans format ion ,  the  flow region can  be  
mapped  conformal ly  into the upper  half 6-plane,  with the point of infinity 
I ,  f ron t  stagnation E ,  plate edge A ,  jet infini ty B and the r e a r  s t ag-  
nation C corresponding to = oc, 0 ,  1 ,  b ,  and c respect ively .  The 
r equ i r ed  t rans format ion  i s  given by 
w h e r e  A ,  B a r e  two coefficients .  F r o m  the loca l  behavior  of Q a t  
6 = 0 and c ,  we find the re la t ions  
1 
B = -  l  2 c b" , b  = c ( c - l ) ( c - $ ) - '  . (54) 
In tegrat ing (5 3) ,  and b y  making u s e  of (54), we obtain 
1 
-- 
As 1 6 1 ---+ a ,  df / d z  U = ( 1 t ~ ) ~ .  F r o m  this  condition and (55)  i t  0 
r e s u l t s  
F ina l l y ,  b y  in tegra t ing (55)  and (52) to  obtain z = z ( 5 ) ,  the coefficient A 
is de t e rmined  by the  plate length,  giving 
A = (b-  1)3/2 I [ K ( l )  - K ( o ) ]  , 
where  
I 3 
+ b y  [b (b -  )t c(2-b) ]  s in- ' (25 -1)  +(b- l )3 '2(~-b)  s in  - 1  (2b-1)E -b 
This completes the zeroth o r d e r  solution for  p r e s  cribed o . In pa r t i cu la r ,  
on the half plate ,  y = 0 ,  -1  < x < 0 (or q = 0+,  0 < E < I ) ,  we have 
This expression i s  needed for the f i r s t  o rde r  solution. 
When a sudden acceleration of magnitude b i s  applied normal  to 
1 
the plate ,  the boundary conditions corresponding to (32) can be wri t ten 
t G t G-  =-2i b dx/dc for  0 < c < 1 ,  
1 
(59a) 
t G - G - = O  for 1 < 6 < b ,  (59b) 
t G + G -  = 0  for  - o c < g < O  and b < E < m .  
( 5 9 ~ )  
The l a s t  condition (59c) expresses  the assumption that the per turbed 
flow p rese rves  the basic  flow symmetry about the y-axis ,  that i s ,  
v = 0 on q = 0,  for  5 < 0 and .$ > b. The above conditions a r e  ex- 
1 
pressed  in  the form different f rom (32)-  The solution, however can be 
written down directly by applying the same principle.  It i s  obvious that 
H(L ) = [ ( < - I ) ( < - b )  ] ', defined with branch cuts f rom 1: = -a to 1 and 
f rom b to afi so  that H--+ < a s  I c]-+oo , 0 < a r g c  < -rr, i s  a homo- 
geneous solution of the present  problem. Therefore the general solution 
can be written 
where  dx/dS i s  given by (58b) and c a r e  a r b i t r a r y  r e a l  constants .  To 
n 
de t e rmine  c , we note f i r s t  that  the p r e s s u r e  m u s t  be f ini te a t  5 = 0 ,  
n 
hence e = 0 fo r  n< 0. F u r t h e r m o r e ,  we note that  the f i r s t  t e r m  in  (60) 
n 
i s  of o r d e r  of t;-' a s  ( 5  / -- 03 , which impl ies  that  the behavior  of 
df / d z  a t  l a r g e  d i s tances  i s  de te rmined  by the  l a s t  t e r m  in (60) .  By 
1 
applying condition (30) and us ing  the s y m m e t r y  p rope r ty  of the flow, we 
obta in  c = Q / 2 ~ r ,  c = c = . . . = 0 ,  where  i s  the sou rce  s t reng th  
0 1 1 2  1 
defined i n  (24) .  
The in tegra l  i n  (60) can  be in tegra ted  explici t ly.  F o r  the d e t e r -  
mina t ion  of hydrodynamic  f o r c e s ,  however ,  only the r e a l  p a r t  of G on 
the p la te  (where  q = 0 ,  0 < E < 1)  i s  needed.  The f inal  r e su l t  i s  
whe re  
By us ing  (40b) and  the s y m m e t r y  p rope r ty  of the flow, the f i r s t  o r d e r  





x(S ) h - 4  G 1 d5 , 
whe re  x ( c )  and Rd G a r e  given by (58a) and (61) .  The r e su l t  can be 
e x p r e s s e d  in  t e r m s  of nondimensional  p a r a m e t e r s  a s  
in which the coefficients 




number  a. Analytic evaluation of the above i n t eg ra l  is too tedious to be 
p r ac t i c a l .  The numer ica l  computation of t he se  coefficients  h a s  been  
c a r r i e d  out with a n  IBM 7090, the final r e su l t  i s  plotted v e r s u s  o i n  
f igures  6 and 7 to show the effect  of (i) the f in i te  cavity s i z e  and (ii) the 
change i n  the cavity volume.  F r o m  this  r e su l t  s e v e r a l  sa l i en t  f e a t u r e s  of 
significance may  be  pointed out .  
F i r s t ,  i t  i s  noted that  a s  o --+ 0 ,  the value of Tb tends  to 
1 
0.8448,  which i s  the l im i t  of Kirchhoff-Helmholtz c a s e  ( s e e  equation (42) ) .  
F r o m  s m a l l  to modera te ly  l a r g e  values  of a,  T b  i n c r e a s e s  v e r y  slowly 
1 
with i nc r ea s ing  o a s  compared  with the r a t e  of i n c r e a s e  of the ze ro th  
o r d e r  d r a g ,  which i n c r e a s e s  approximately  with the fac to r  (1  to) ( s e e ,  
e . g . ,  Gi lbarg  [ l ]  ) .  
Another  point of i n t e r e s t  i s  that  T --+ 0 r a t h e r  rapidly a s  
Q . I 
o -+ 0, th i s  l i m i t  being independent of Q s o  long a s  Q is f ini te.  
1 1 
This  r e su l t  shows that  the effect  on the d r a g  fo r ce  of removing fluid a t  
infinity is insignificant  when the cavity i s  sufficiently long. F u r t h e r m o r e ,  
i t  shows that  the l imi t  of the solution a s  a -+ 0 i s  non-uniform with 
r e spec t  to Q s ince  the solution in the Kirchhoff c a se  does  not ex i s t  
1 
un less  Q = 0.  
1 
6, Riabouchinsky ' s  Model 
The e s sen t i a l  f ea tu re  of the Riabouchinsky mode l  i s  the in t roduc t -  
ion of an app rop r i a t e  image  body downs t ream of the  r e a l  body so  that  the 
f r e e  boundar ies  of the  cavity a r e  connectedby th i s  p a i r  of so l i dbounda r i e s .  
Le t  u s  apply th i s  model  to cons ider  the cavity flow pas t  a f la t  plate s e t  
no rma l  to  the s t r e a m ,  the flow in  the physical  z-plane i s  shown i n  
f igure  3, Again ,  a s  i n  the p rob l em s ta ted  i n  the previous  sec t ion ,  the  
unper tu rbed  velocity and p r e s s u r e  a r e  U and pa respec t ive ly ,  the 
cavity p r e s s u r e  i s  p corresponding to the cavitat ion number  o .  Also 
c ' 
the half plate length,  P 12 ,  and the constant  speed  qc  on the  cavity wil l  
be no rma l i zed  to unity. F u r t h e r m o r e ,  due to  the  a s s u m e d  s y m m e t r y ,  
only t he  left  half z-plane of the flow need be cons idered .  
F o r  the p r e sen t  c a s e  i t  i s  convenient to denote by 5 the complex 
veloci ty  potential .  We fu r t he r  in t roduce a n  auxi l iary  complex var iab le  
7 defined by 
7 = 
1 7 (wo f W 0 - I )  
whe re  w = d&/dz  i s  the  hodograph plane of the ba s i c  flow. The flow 
0 
f ie ld  under  considera t ion in  the z-plane and conformal  mapping planes  
w 5 ,  7, a r e  shown in  f i gu re  3. By the a s s u m e d  s y m m e t r y  of the flow, 
0 '  
we m a y  choose the potential  a t  the  f ront  and r e a r  stagnation points  to be 
5 = - n  and n respec t ive ly ,  and 5 = - m ,  cD = m. We fu r t he r  define B 
k '  and k by 
1 1 1 k '  = - l t o  ' k = ( l - k ' 2 ) z  = (20  t ~ ~ ) ~ / ( 1  t 0) . (64) 
Then,  a t  z  = oc , we have 
The upper  half  T-plane i s  mapped into the upper  half 5-plane by the 
Schwarz-Chr i s to f fe l  t r an s fo rma t ion  
F r o m  the  loca l  conformal  behavior  of c ( 7 )  a t  the point D ,  i .  e .  
cD = m ,  7 D  = 1 ,  we find the  re la t ionship  
m = 2 n p / ( l  t k ' )  . (67) 
Le t  u s  in t roduce ano ther  auxi l iary  var iab le  w = p t igdef ined  by 
whe re  dn w i s  the Jacob ian  e l l ip t ic  function,  del ta  ampli tude of w, with 
modulus  k .  In the following analys is  the conventional notat ions ( s e e  [ 171) 
fo r  the  e l l ip t ic  functions and in t eg ra l s  will be used  without speci f ica t ion and the 
modulus  k wil l  a lways  be  omit ted  to save  wri t ing.  By substi tut ing (68) 
and (63)  into (66) i t  gives 
F r o m  (68) and (69) we deduce that  on both the f ron t  and the image  hal f  
p la tes  - 1 < x < 0 ,  
Evaluating the above r e su l t  a t  p = K /  2,  which co r r e sponds  to x = - 1 , 
we obtain 
which completes  the n e c e s s a r y  calculat ion f o r  the ba s i c  flow. 
Due to the p r e s e n c e  of the image  p la te ,  a n  addit ional  assumpt ion  
i s  needed f o r  th is  mode l  i n  the study of i t s  s m a l l  t ime  behavior .  I t  i s  
given that  a t  t  .- 0 a sudden acce le ra t ion  b i s  applied on the f ron t  
1 
pla te  d i r ec t ed  in  the posit ive y-di rect ion.  F o r  s m a l l  t  > 0 the i m a g e  
pla te  m a y  be a s s u m e d  to move  i n  the y -d i rec t ion  with speed  
whe re  (3 i s  a n  unknown constant .  To de te rmine  th is  unknown constant  
p, we sha l l  a s s u m e  that  on the image  pla te  the jump in  the d r a g  due to  
the suddenly applied acce le ra t ion  i s  z e ro .  The phys ica l  s ignificance of 
this  assumpt ion  may  be explained a s  follows. I t  h a s  been pointed out  by 
Wu [5] tha t  the image  pla te  in  the ba s i c  flow m a y  be  r ega rded  a s  a 
m e a n s  to r e p r e s e n t  the energy  dissipation i n  the wake flow of a r e a l  
f luid.  In f a c t ,  i n  a f r a m e  of r e f e r ence  a t  r e s t  with r e spec t  to the fluid a t  
infini ty,  the work  done by the moving image  pla te  i s  negative and 
numer ica l ly  equal  to the work  done by the r e a l  p la te  s ince  the to ta l  f o r c e  
on the p a i r  of p la tes  van i shes .  This  negative work  done by the image  
pla te  t he r e fo r e  co r r e sponds  to the mechanical  energy  removed  f r o m  the  
s y s t e m  in  unit t ime  a s  t h e r e  i s  no o ther  m e a n s  of d iss ipat ing energy  in 
potent ia l  flow. Now in  the unsteady motion,  i t  i s  conceivable that  the 
r a t e  of d iss ipat ion in  the wake (of the actual  flow) cannot be affected a t  
s m a l l  t i m e .  This  impl ies  that  the ini t ial  change of momentum a t  the 
image  pla te  m us t  vanish .  It i s  this  physical  meaning that  under l i es  the 
above assumpt ion .  F o r  s m a l l  t  > 0 ,  the boundary condition on the p a r t  
t 
of the 5 --axis  (q = 0  ) corresponding to the image  pla te  can be wr i t t en  
by us ing (72)  a s  
whe re  G = df Id5 .  O r ,  by applying the conr;inuation (3  1 ), we have on the  
1 
p a r t  of the 5 -ax i s  cor responding  to the image  pla te  the condition 
Re fe r r i ng  to conditions (32) and (73) and us ing ( 6 8 ) ,  the boundary 
condit ions of th is  p r o b l e m  a r e  
G +  - G -  = 0  f o r  - m  < 5 < m 
t G t G - = O  for  - w ; < c < - n  , n < E < c c  ; 
where  rn and n a r e  given by (67) and (71) 
Cons ider  the function h ( 2 )  =iF-I--? with the b ranch  cuts f r o m  
- K  to - m  a n d f r o m  rn to ocl, and h ( c ) -+  5 a s  /5 / -+-oo ,  
0 < a r g  2 < r. This  h(G) i s  obviously a solution of the co r r e spond i r~g  
homogeneous  Hi lber t  p rob l em and sa t i s f i es  (31) .  T h e r e f o r e ,  by us ing 
(33 ) ,  the  r equ i r ed  solution m a y  be wr i t t en  
€E 
where P(&) = c cn9 and c  a r e  a r b i t r a r y  r ea l  constants.  Again, 
n  
- oC 
since the p r e s s u r e  a t  1: = 0 should be finite and the f i r s t  t e r m  in (74)  
i s  of o r d e r  of c - 2  a s  1 -- gl , we have,  by applying condition (30) 
and the symmet r i c  proper ty  of the flow, P (5  ) = Q / 27~. By using ( 6 9 ) )  
I 
the var iable  in (74 )  can be t ransformed into the variable p ,  giving 
After integrating the above expression and by using (69) we deduce 
that 
1  dnpcn2p i n 1  / - 1 L) 512 s n 2 p  
+ $7 




where the upper sign i s  used for  the front pla te ,  the lower sign for  the 
image plate ,  IT* denotes the function which corresponds to  the Cauchy 
principal value of the integral  representat ion of the function IT (for the 
definition, s ee  [ 171 ) ,  and 
By applying (40b) ,  (70), (76a) and (66), we obtain the normal  fo rce  N on 
1 
the f ron t  plate a s  
N = 2 p  (b [ ( ~ c P ) I  + (1-P)I I f  Q I ) , 
1 1 1 2 1 3  
(77) 
and the normal  fo rce  D (in the positive y-direct ion)  on the image  plate 
Y 
a s  
where  
(1 - k f ) n  1 (dn2p-k ' )2  1 snpcnp f - I = 
2 nJkT (1 -k ' )dn2p  ' 
cnpf jkl snp 1 dp log 7 
i , cnp- j k '  snp, 
1 - k t 2  snpcnp I = x(p) dnp dp 
3 
and x(p) i s  given by (70) .  
Now we apply the condition that on the image  plate the  change in 
the d r ag  due to the applied accelera t ion i s  z e r o ,  giving 
Substituting (80)  into (77) ,  we obtain the d r a g  on the front  plate a s  
This  r e su l t  can a l so  be  exp re s sed  in the following non-dimensional  f o r m :  
where  
The in tegra l s  I , I and I a r e  computed numerical ly  with an  IBM 7090 
1 2  3 
and the f inal  r e su l t  of I' and I' a r e  shown i n  f igures  6 and 7 a s  a b 
1 l 
compar i son  with the  r e su l t s  of o ther  flow models .  It  is fu r ther  noted that  
a s  cr -+ 0 ,  Tb reduces  to (42) of the Kirchhoff c a s e  and I' -+ 0. 
Q. 
7. A Wake Model fo r  a n  Oblique P l a t e  with a F in i te  Cavity 
Thus f a r  we have considered the acce le ra t ing  motion of a n  incl ined 
plate in  Kirchhoff flow, and of the  finite-cavity flow pas t  a plate b road -  
wise  to the s t r e a m .  Application of e i the r  the r e - en t r an t  jet model o r  
the Riabouchinsky model  to an oblique plate with a finite cavity fo rmat ion  
leads  to v e r y  complicated ana lyses .  The t a sk  i s  considerably  s impl i f ied,  
however ,  i f  we adopt a modified wake model  recent ly  proposed by Wu[ 161 
to d e s c r i b e  the ba s i c  s teady flow. The purpose  of th is  sect ion i s  to 
de t e rmine  the effect  of acce le ra t ion  on the hydrodynamic fo r ce s  with the 
cavitat ion number  o and the angle of a t tack a a s  two f r e e  p a r a m e t e r s .  
The ba s i c  flow i s  taken to be  a un i fo rm s t r e a m  of infinite extent  
impinging on a flat p la te  a t  a n  incidence angle a, to which a finite cavity 
i s  a t t ached .  According to th i s  modified wake mode l ,  the incoming 
s tagnat ion s t r e aml ine  b r anches  off the plate a t  the leading edge A and 
the t r a i l i ng  edge B ,  f o rming  two f r e e  s t r e a m l i n e s  ACI and BC'I  which 
a r e  a s s u m e d  to become asymptot ica l ly  pa r a l l e l  to  the ma in  flow a t  down- 
s t r e a m  infini ty ( s e e  f igure  4 ) .  The p r e s s u r e  on the p a r t s  AC and B C '  
of the f r e e  s t r e a m l i n e s  i s  a s s u m e d  to take  the constant  cavity p r e s s u r e  
PC, and  the space  within the c losed  curve ACC'BA i s  r ega rded  to  
r e p r e s e n t  approximately  the cavity.  The space  i n  between the f r e e  
s t r e a m l i n e s  CI and C ' I  r e p r e s e n t s  a crude mode l  of the diss ipat ing 
wake ,  along i t s  boundary the un i fo rm s t r e a m  conditions a r e  eventually 
r e s t o r e d  a t  downs t r eam infini ty.  The flow outs ide  th is  infinite wake s t r i p  
i s  a s s u m e d  to be  i r r o t a t i ona l .  The locations of the points  C and C '  a r e  
de t e rmined  with two a s sumpt ions ;  the f i r s t  i s  that  both the velocity 
potent ia l  and the flow inclination a t  C and C '  a r e  equal ,  and the second 
a s sumpt ion  i s  the so -ca l l ed  "hodograph-sl i t  condition" that  the f r e e  
s t r e a m l i n e s  CI and C ' I  f o r m  a s l i t  of undetermined shape i n  the hodo- 
g raph  plane.  With these  two additional assumpt ions  the whole flow field 
outs ide  the  wake i s  then completely de te rmined .  F o r  the convenience of 
subsequent  applicat ion,  the solution of the ba s i c  flow i s  reproduced br ief ly  
in  the  following. The pla te  length B and the constant  speed  q on AC 
C 
and B C '  a r e  again  no rma l i zed  to  unity. 
The flow in  the physical  z-plane,  the complex potential  f -p lane ,  
0 
and the  hodograph wo-plane a r e  shown in  f igure  4 .  The subsc r i p t  of w 0 
wil l  be  omi t t ed  fo r  s impl ic i ty .  We fu r t he r  in t roduce the  p a r a m e t r i c  
<-p lane  defined by 
1 < = 7 ( W  t w - ' )  
1 
in  which the function (c2 - 1)' i s  defined with a branch cut made between 
1 
the points 5 = -1  and 1 so  that (c2 - 1)' ----" & a s  ] & 1 -+ oo . At the 
point of infinity, the complex velocity takes  the value 
The corresponding value of 5 i s  
Since I m  f = 0 on the en t i re  r e a l  &-ax is ,  the complex potential fo(&) 
0 
can be continued analytically into the lower-half &-plane by 
Now f r o m  the asymptot ic  behavior of the s t r eaml ines  4 = const .  n e a r  
0 
the point 1: = 1: i t  i s  evident that f mus t  have t he re  a s imple  pole .  
OC ' 0 
F u r t h e r m o r e ,  f r o m  the local  conformal behavior of f a t  fo  = 0 ,  i t  i s  
0 
obvious that f = 0(5-~ ) a s  I & I-+ cc . Therefore  the solution m u s t  be  
0 
of the f o r m  
where  A i s  a r e a l  constant. O r ,  express ing i n  t e r m s  of w by ( 8 3 ) ,  
The z-plane i s  determined by integration of dz/df = 1 / w ,  giving 
0 
w h e r e  the constant  B i s  r e la ted  to A by 
F ina l l y ,  the constant  A i s  de te rmined  by the plate length a s  
2 r r(u- '+u) + ( u - ' + u ) ~ - ( ~  C O S  0) 2 
K = 2 (u- '  + u ) ~  +(2  cos cu) 
+ 2 sincu (u - ' -U)  s i n  a (u--"u)~ - ( 2  cos 
F o r  the unsteady motion we sha l l  confine ou r se lve s  to the s imple  
c a s e  of constant  acce le ra t ion  s o  that fo r  any point z of the p l a t e ,  
Then the boundary conditions of this  p rob l em ( s e e  equation 32) become 
t G + G- = - 2i b RP (dz ld l ; )  f o r  1 ~ 1 > 1  ,
1 
(91) 
G + - G -  = o  f o r  I E I < l  , 
w h e r e  G  = df /dC. In the f i r s t  condition, dz/dl;  = w-"f /dC can be 
1 0 
deduced f r o m  (83) and  (87) .  
S i m i l a r  to the gene ra l  solution of the  p rob l em with the boundary 
condit ions given i n  ( 32 ) ,  the genera l  solution of the above boundary value 
p r o b l e m ,  s ta ted  i n  (91) ,  can be  wr i t t en  
1 
-
where  the function ( c 2  -1) '  i s  defined in  the en t i r e  5-plane with b ranch  
cu t s  f r o m  -or: to - 1 and f r o m  1 to oo aiong the 6-axis  so  that  
1 
-( c 2  - 1 ) 2  --+ t; a s  1 , f o r  0 < a r g  5 < rr (note that  the b ranch  cut 
1 
- 
for  the function ( c 2  - 1) '  f o r  this  ~ e r t u r b a t i o n  p a r t  i s  d i f ferent  f r o m  that  
f o r  the ba s i c  p rob l em a s  de sc r i bed  a f te r  (83b)). The a r b i t r a r y  function 
P(<) i s  r e a l  on the r ea l  2;-axis, and hence can be  expanded into the  
L a u r e n t ' s  s e r i e s  
Since z - - ( & - & _ ) - '  a s  z 1 -- C C ,  i t  i s  n e c e s s a r y  to have c = 0 f o r  
n 
n < - 2 i n  o r d e r  that  the pe r tu rba t ion  velocity w van i shes  a t  infinity. 
1 
F u r t h e r m o r e ,  we m u s t  impose  c = 0 f o r  n 2 0 if we r equ i r e  the  
n 
p r e s s u r e  a t  151 = m to be f in i te ,  Final ly ,  applicat ion of (30) y ie lds  
whe re  u se  h a s  been  made  of (84)  and (85) .  
T rans fo rming  the var iab le  5 in  the above solution into w by (83)  
we obtain 
w h e r e  
In p a r t i c u l a r ,  on the r ig id  p l a t e ,  - 1 < w < 1 ,  RQ G = acp / 8 c ,  and 
1 
2w2 b (P.  V . )  t 1 - w 2  g(w, u)du - 
w h e r e  (P .  V .  ) denotes the Cauchy pr incipal  value of the in tegra l .  
The no rma l  fo rce  N acting on the plate due to  the acce le ra t ion  
1 
i s  given by 
w h e r e  acp / ac i s  given by (95 ) ,  and a c /  a w  can be obtained f r o m  (8  3) .  
1 
As in  the  p rev ious  c a s e s ,  we wr i t e  
then ,  f r o m  (96 ) ,  
These  i n t eg ra l s  have been computed numer ica l ly  with an IBM 7090, the 
f ina l  r e su l t  of  F and F i s  shown in f igures  8 and 9 fo r  b Q 
0 l o  1 
cu = 90 , 75O and 45 . The r e su l t  of the spec ia l  c a s e  cu =  IT/^ i s  a l so  
c o m p a r e d  with the o the r  flow mode ls  in  f igures  6 and 7. F o r  the spec ia l  c a s e  
= ~ / 2 ,  we deduce f r o m  (98) the following exp re s s ion  fo r  s m a l l  a 
which i s  the spec ia l  c a s e  a l ready  noted by Wu [6]. 
8 ,  Gonclusion 
In the foregoing sec t ions  we have t r e a t ed  the acce le ra t ing  mot ion  
of an  inclined plate in Kirchhoff flow and in the f in i te-cavi ty  f low,  and  
that  of a pu re -d r ag  plate in  Riabouchinsky flow and in  the r e - en t r an t  je t  
flow. F r o m  the se  r e su l t s  we make  conclusions by pointing out the follow- 
ing f ea tu r e s  of i n t e r e s t ,  
( i)  Effect  of the cavitat ion number  o ------ F o r  0 < o <  l ,  the  
f o r ce  coefficient F due to the no rma l  acce le ra t ion  evaluated by us ing  h 
1 
t h r e e  differen.t cavity-flow mode ls  i s  nea r l y  iden t ica l ,  tending to 0 .  8448, 
the Kirchhoff-Helmholtz l i m i t ,  a s  o --+ 0 ,  and being v e r y  insens i t ive  to 
o i n  th i s  r ange ,  As  5 i n c r e a s e s  f u r t he r  f r o m  1 ,  Tb i n c r e a s e s  v e r y  
1 
s lowly compared  with the r a t e  of i nc r ea se  of the s teady s ta te  d r a g  co- 
eff icient ,  which h a s  the fac to r  j 1 t o) approx imate ly ,  F o r  a f ixed CJ 
i n  th i s  r eg ion ,  the  value  of I? by the wake mode l  i s  h igher  than t ha t  of b 
1 
the  Riabouchinsky mode l ,  which i s  in  t u r n  h igher  than  that  of the r e -  
en t r an t  je t  mode l ,  This  r e su l t  indicates  that  in  al l  p r ac t i c a l  r anges  of a, 
i t  is unimportant  to consider  the  effect  of f o r  the sma l l - t ime  l i m i t  o r  
the la,rge f requency l im i t .  
(ii) Effect  of incidence a F o r  mode ra t e  and l a r g e  o, the  
f o r ce  coefficient J? i n c r e a s e s  f a s t e r  with i nc r ea s ing  a, the s m a l l e r  b 
1 
i s  the  value  a.  Phis  r e su l t  should be expected on the physical  s tandpoint  
s ince  t h e r e  contains m o r e  liquid in  the c i r cu l a r  cylinder spanned by the  
plate a t  s m a l l e r  a .  This  effect  of a,, however ,  becomes  insignificant  
f o r  0 l e s s  than o r d e r  unity.  
( i i i )  Effect  of change in cavity voluime -- The fo r ce  c o e f f i ~ r e n t  
r 62 due to the  change in  c a v ~ t y  volume displays  wider  d i f ferences  be- 
1 
tween dl f fere~xt  flow-rriodels. A l l  t hese  rnodels show, however ,  that  
r -+ O r a t h e r  rapidly a s  a -+ 0, saying that  the effect  c i l  the d r a g  a 
1 
f o r ce  of relzloving fluid at infinity i s  i ~ ~ s i g r ~ i f i c a n l  when the cavity i s  
sufficiently lozlg. This  cxnalysis a i so  just if ies the assumpt ion  that  p i s  
bounded a t  infinity introduceti  in  sorrrr of the previous  works [4 ,6 ,7 ,8 ,9 ,18  ] 
in  the  c a s e  of unsteady flows with infini te cav i t i e s ,  As shown by th is  
a n a l y s i s ,  th i s  a ssumpt ion  actually tu rns  out to be  a n e c e s s a r y  condition 
f o r  the exis tence  of the solution in  the ca se  of a = 0 .  
This  work  i s  sponsored  in  p a r t  by the Office of Naval R e s e a r c h  of 
the U .  S .  Navy, under  con t rac t  Nonr 220(35) a t  the Cal i fornia  Inst i tute of 
Technology.  Reproduction i n  whole o r  i n  p a r t  i s  pe rmi t t ed  fo r  any 
purpose  of the United Sta tes  Government .  The a s s i s t a n c e s  r ende red  by 
M r .  B a r r y  B a s s  and M r s .  Z o r a  H a r r i s o n  in  the numer i ca l  computation,  
by M i s s  Cec i l i a  Lin  in  the g raph ic  work and M r s .  B a r b a r a  Hawk in  the 
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F l a t  102 
6-9 C h a r t e r h o u s e  Square  
London,  E .  C .  1 ,  England 
AVCO Corpo ra t i on  
Ly coming Divis ion 
1701 K S t r e e t ,  N. W .  
Apt .  No. 904 
Washington,  I3. C .  
Attn: M r .  T .  A .  Duncan 
M r .  J .  C .  B a k e r  
Bake r  Manufactur ing Company 
Evansv i l l e ,  Wiscons in  
Cur t i s s -Wr igh t  Co rpo ra t i on  R e s e a r c h  
Divis ion 
Turbomachine  r y  Divis ion 
Quehanna,  Pennsy lvan i a  
Attn: M r .  George  H .  P e d e r s e n  
D r .  Bla ine  R.  P a r k i n  
A i R e s e a r  ch Manufactur ing Corpora t ion  
9851 -9951 Sepulveda Boulevard  
Los  Angeles  45, Ca l i fo rn ia  
The  Boeing Company 
Aero-Space  Divis ion 
Sea t t l e  24, Washington 
Attn: M r .  R. E .  Ba t eman  
( In te rna l  Mail  Stat ion 46-74)  
Lockheed A i r c r a f t  Co rpo ra t i on  
Cal i fo rn ia  Divis ion 
Hydrodynamics  R e s e a r c h  
Burbank ,  Ca l i fo rn ia  
Attn: M r .  Bi l l  E a s t  
National R e s e a r c h  Council  
Mont rea l  Road 
Ottawa 2, Canada  
Attn: M r .  E .  S .  T u r n e r  
The Rand Corpo ra t i on  
1700 Main S t r e e t  
Santa  Monica ,  Ca l i fo rn ia  
Attn: Technica l  L i b r a r y  
Stanford Univers i ty  
Depa r tmen t  of Civi l  Engineer ing  
Stanford,  Ca l i fo rn ia  
Attn: D r .  By rne  P e r r y  
D r .  E .  Y, H s u  
D r .  H i r s h  Cohen 
IBM R e s e a r c h  Cente r  
P.  0. Box 218 
Y orktown He igh t s ,  New York  
M r .  David Wel l inger  
Hydrofoi l  P r o j e c t s  
Radio Corpo ra t i on  of A m e r i c a  
Burl ington,  Massachuse t t s  
Food  Mach ine ry  Corpora t ion  
P. 0. Box 367 
San  J o s e ,  Ca l i fo rn ia  
Attn: M r .  C .  Ted rew  
D r .  T .  R.  Goodman 
Ocean i c s ,  Inc. 
Technica l  Indus t r ia l  P a r k  
P la inv iew,  Long I s land ,  New York  
P r o f e s s o r  Brunelle 
D e p a r t m e n t  of Aeronaut ica l  Engineer ing  
P r i n c e t o n  Univers i ty  
P r i n c e t o n ,  New J e r s e y  
Commanding  Off icer  
Office of  Naval  R e s e a r c h  Branch  Office 
86  E a s t  Randolph S t r e e t  
Chicago  1 ,  I l l inois  
